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Theorem 1.12.1 (ZF) The following are equivalent

The Aziom of Choice (as in Section 1.2).

Every family of non-empty sets has a choice function.
Every set can be well-ordered.

Vry(r < yVy < ).

Tukey’s Lemma.

The Hausdorff Mazimal Principle.

7. Zorn’s Lemma.
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Definition 1.12.2 Let F be a family of non-empty sets. A choice function for
F is a function g with dom(g) = F such that g(z) € x for all x € F. A choice
set for F is a set C such that C Nz is a singleton set for all x € F.
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Definition 1.12.3 If F C P(A), then X € F is maximal in F iff it is mazimal
with respect to the relation g (see Definition 1.7.18); that is, X is not a proper
subset of any set in F.

Definition 1.12.5 F C P(A) is of finite character iff for all X C A: X € F
iff every finite subset of X is in F.

Definition 1.12.7 Tukey’s Lemma is the assertion that whenever F C P(A)
is of finite character and X € F, there is a maximal Y € F such that X C Y.
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Definition 1.12.8 Let < be a strict partial order of a set A. ThenC C Aisa
chain iff C is totally ordered by <; C is a maximal chain iff in addition, there
are no chains X 2 C.

Definition 1.12.9 The Hausdorff Maximal Principle asserts that whenever <
s a strict partial order of a set A, there is a maximal chain C C A.

Definition 1.12.10 Zorn’s Lemma is the assertion that whenever < is a strict
partial order of a set A satisfying

(8) For all chains C C A there is some b € A such that x < b for all x € C,

then for all a € A, there is a mazimal (see Definition 1.7.18) b € A with b > a.
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Definition 1.13.1 If k, A are cardinals, then
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Lemma 1.13.2 Ifx, A\ k', ) are cardinals and k < k" and A < X, then K+ )\ <
K+ XN, k- A< KX, and k* < (k')* (unless k = k' = XA = 0), where cardinal
arithmetic is meant throughout.
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Lemma 1.13.3 Ifk, A, 0 are cardinals, then using cardinal arithmetic through-

out:

K+A=A+K.
K-A=AK.
(K+A)-0=Kk-6+X-0.
K0 = (k1P
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Lemma 1.13.4 For any ordinals a,B: |a + B] = ||la| + |B]| and |a - | =
la] - 18]} '
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Lemma 1.13.5 If K, A are finite cardinals, then =K+ A, =K-A,
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Lemma 1.13.6 If k, A are cardinals and at least one of them is infinite, then

= max(k, A). Also, if neither of them are 0 then = max(k, A).
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Lemma 1.13.7 2% = |P(k)| for every cardinal k, and 2R > R4 for every
ordinal a. All exponentiation here is cardinal exponentiation.

Definition 1.13.8 The Continuum Hypothesis, CH, is the statement 2% =
R,. The Generalized Continuum Hypothesis, GCH, is the statement Va[2R~ =
Ra+1]. All exponentiation here is cardinal exponentiation.
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Lemma 1.13.9 I and ) is infinite, then k* = 2*. All exponenti-
ation here is cardinal exponentiation.
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Definition 1.13.10 If v is any limit ordinal, then the cofinality of v is
cf(y) = min{type(X): X C yAsup(X) =7} .
7 is regular iff cf(y) = 7. €7 X s unbsandeod Ta Y
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Lemma 1.13.11 For any limit ordinal ~y:

If A C v and sup(A) =~y then cf(y) = cf(type(A)).

cf(cf(y)) = cf(y), so cf() is reqular.

w<cf(y) <y <y

If v s regular then vy is a cardinal.

If v = R, where a is either 0 or a successor, then v is reqular.
If v = R, where a is a limit ordinal, then cf(y) = cf(a).
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Theorem 1.12.11 (AC) Let k be an infinite cardinal. If F is a family of sets
with |F| < k and | X| < k for all X € F, then ||JF| < k.

Theorem 1.13.12 Let 6 be any cardinal.

1. If 0 is regular and F is a family of sets with |F| < 0 and |S| < 8 for all
S e F, then ||JF| < 6.

2. If cf(8) = A < 6, then there is a family F of subsets of 8 with |F| = A
and |JF = 6, such that |S| < 6 for all S € F.
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Theorem 1.13.13 (Konig, 1905) Ifx > 2 and \ is infinite, then cf(k*) > .
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Theorem 1.13.14 Assume GCH, and let k, A be cardinals with max(k, ) in-
finate.

1. If2 < k <\t then k* = AT,
2. If 1 < XA <k, then k* is k if A < cf(k) and kT if A > cf(k).
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\ Figure 1.2: The Set-Theoretic Universe in ZF /
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1. R(0) = 0.

2. R(a+1) =P(R(a)).

8. R(7) = Uyen R(a) for limit ordinals ~.
Then:

4. WF =Uscon R(8) = the class of all well-founded sets.
5. The set x is well-founded iff 35[x € R(4)).

6. For x € WF': rank(x) is the least o such that ¢ € R(a + 1).

Table 1.2: The First Sixteen Sets

rank sets
0 D=0
1 {0} =1
2 {{0}} = {1}, {0,{0}} =2
3 {{1}}, {0, {1}}, {1,{1}}, {0,1,{1}},
{2} ’ {0’2} ’ {1’2} ’ {0’1,2}:3,
{{1},2}, {o,{1},2}, {1,{1},2}, {0,1,{1},2}
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Lemma 1.14.4

1. Every R(p) is a transitive set.

2 a <f - R(a) C R(B).

3. R(a+1)\ R(a) = {x € WF : rank(z) = a}.

4. R(a) = {x € WF :rank(z) < a}.

5. Ifr €y andy in WF, then x € WF and rank(z) < rank(y).
(troniitive)
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Lemma 1.14.5

1. ON N R(a) = « for each a € ON.
2. ON C WF
3. rank(a) = a for each o € ON.
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Lemma 1.14.6 For any set y: y € WF & y C WF, in which case:

rank(y) = sup{rank(z) +1: z € y}
ok (42:53) = max {3,67= -,
Votnk (<2.82) = vonk ({423,42.533)
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Lemma 1.14.7 If 2 Cy € WF then z € WF and rank(z) < rank(y).

Lemma 1.14.8 Suppose that x,y € WF. Then:

1. {z,y} € WF and rank({z,y}) = max(rank(z), rank(y)) + 1.

2. (z,y) € WF and rank({z,y)) = max(rank(z), rank(y)) + 2.

3. P(z) € WF and rank(P(z)) = rank(z) + 1.

4. Uz € WF and rank(|Jz) < rank(z).

5. Uy € WF and rank(z U y) = max(rank(z), rank(y)).

6. trcl(z) € WF and rank(trcl(z)) = rank(z) (see Definition 1.9.5).



Definition 1.14.13 R(w) is called the set of hereditarily finite sets.
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Definition 1.15.1 Q is the union of w with the set of all (i,(m,n)) €

w X (w X w) such that: 7
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Definition 1.15.3 +, -, and < are defined on Q in the “obvious way”, to make
Q into an ordered field containing w.
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Definition 1.15.4 R is the set of all z € P(Q) such that x # 0, z # Q, = has

no largest element, and
Vp,geQp<gezxz—pex| .
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-Definition 1.15.6 An ordered field F' is Dedekind-complete iff it satisfies the
least upper bound ariom — that is, whenever X C F is non-empty and bounded

above, the least upper bound, sup X, exists.
roposition 1.15.7 All Dedekind-complete ordered fields are isomorphic.
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Definition 1.15.13 P, is the number 2n + 2. The symbols |,[,—,V, A are
shorthand for the numbers 1,3,5,7,9, respectively.
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Definition 1.15.16 Assume that ANA<¥ =0) and fir719,..", Tm-1 € AUA<Y.
Let 0; be 7; if ; € A<“, and the sequence of length 1, (7;), if ; € A. Then
T0,-.-sTm—1 denotes the string oy -+~ Opm—1 € A<¥.
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